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1. Assuming that the field is conservative, find a potential function for the field and

evaluate the integral
(2:2,2) 1 1
/ Zdx + (— - %) dy— Laz.
11,1 Y <y <

Solution. Let F = Mi+ Nj + Pk where M = = N = (- -2}, p= ¥,
y 2 52
- 0 0 0
Suppose f(z,y,z) is a potential function for F' where a—f =M, 8_f =N,— =
x Yy z
Integrating M with respect to z, we find that
1 T
flans) = [ Mo = [ 1do =2+ g(5.2)+
where (' is a constant and ¢ is a function of y and z. Then we find that
I z\ 9df =z agiag_l
z y?) oy  yr Oy 0z z
Then integrating g with respect to y, we obtain
9y, z) = g +h(z) +Cy
where Cy is a constant and h is a function only in z. Hence f(z,y,z2) = L + Y +
y oz

h(z) 4+ Cy. Then similarly, we find that
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where (5 is a constant. Hence, we find that
x
f(ZE,y,Z) - _+Q+C
y oz

for some constant C'. Using this potential function, we find that

2.2.2) 1 1 =z y 2 2 1 1
~d S-S )dy— Zdz=f(2,2,2) - f(1,1,1) ==+ — = — = = 0.
¢Am>yx+(z ) r- S =222 - fLA) =545 -1 - ]

2. Find a potential function for F where

— QI'—) ].—1'2 -
F=—2+< )J, {(z,y) 1y > 0}.
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Solution. Note that the domain is the upper half-plane and is simply connected.

2x 1 — 22

We write that F' = M7 + N} where M = — N = and we note that both

M, N have continuous partial derivatives on the domain (since y > 0). We check

that
oM 2z ON

9y 2 oz
and hence we see that F is indeed conservative.
Integrating, we have
20x x?
fla) = [ Mo = [ Zdo =T+ g+

where (' is a constant and g is a function of y. We then have

l—a* of 2* dg  Jg 1
— .
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Integrating g with respect to y, we then obtain
1 1
mwz/—@z—hHE
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where () is a constant. Hence, we find that

T 1
flay) === +C
Y Y

where C' is a constant, and F' =V (x ) <
Y

3. Let C' be an oriented closed curve in a region 2 C R"™ given by v : [a,b] — €.
Recall that we say that C' continuously deforms to a point, say @), if there exists a
continuous function R : [a,b] x [0,1] — € such that R(¢,0) = y(¢) and R(t,1) = Q
for every t € [a,b]. Show that in Q = R?\ {(0,0,0)}, any oriented closed curve C
on the xy-plane away from the origin continuously deforms to a point.

Solution. Let C' be an oriented closed curve in the xy-plane away from the origin
given by the parameterization v : [a,b] — Q. Take @ = (0,0,1) and define R :
[a,b] x [0,1] — € such that

R(t,s) = (1 — s)y(t) + sQ.

Then at s = 0, we have that R(t,0) = (1 —0)-v(t) +0-Q = ~(¢) and at s =
LR(t,1)=(1—=1)-~(t)+1-Q = Q. Clearly, R is continuous in ¢, s. It remains to
check that R(t, s) indeed lies in Q for all ¢ € [a,b] and s € [0,1]. Note that when
s =0, R(t,0) = y(t) € Q since y(t) is away from the origin by assumption. Also
note that for any s > 0, the vector R(t, s) has a non-zero z-component and hence is
also away from the origin and lies in €2. So we see that v continuously deforms to
@ = (0,0,1) and we are done. <
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4. Let C be the curve « : [0,27] — R3 given by v(6) = (cos(f),sin(#),sin*(0)). Show

that
rdr +ydy + zdz 0
c \r?+y?+ 22 .
(Hint: Problem 3.)
Solution. Let F' = Mi+ Nj + Pk where
M= z N= Y pP= :

/x2—|—y2+z27 /x2—|—y2+22’ /x2+y2—i—z2'

Then if we show F is conservative, we would be done since C' is a closed curve.
Problem 3 above shows that R3 \ {(0,0,0)} is simply connected, and since F is
defined on R?\ {(0,0,0)}, we can apply the component test for conservative vector
fields, that is, it is enough to show

OM ON ON 9P OM 9P
dy  Ox’ 0z Oy 0z Oz’

We have
oM _ - 1-(x2+y2+z2)_3/2-2y:

dy PP+ 2

and similarly,

ON yz 0P OM xrz 0P

0z (22 + y% 4 22)? _8_y’ 0z (22 + 2+ 22)2 T Or

as required. Hence, we conclude that F' is conservative and we are done. <

5. (a) Find a potential function for the gravitational field

2l +yj + 2k

F = —GmM(xQ T y2 T 2:2)3/2

(G, m, and M are constants).

(b) Let P, and P, be points at distances s; and s, from the origin. Show that the
work done by the gravitational field in part (a) in moving a particle from P;

to P2 is
1 1
Solution. (a) Integratin of GmM ’ e have that
: Y W Vi
g g O (x2+y2—|—z2)3/2’

T GmM

dr =
@+ gt 2

f(x,y,z):/—GmM +g(y’z)+01
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where (' is a constant and ¢ is a function of y and z. Then we have that

of Y Jg y dg

—_— = — M —_— = — M —_— .

oy Gm (22 + y2 + 22)3/2 + oy Gim (22 + y? + 22)3/2 = dy 0
M

So f(x,y,2) = Gm + h(z) + Cy where Cy is a constant and h is a

Vat+y?+ 22
function only of z. Then similarly we have that

g = —-GmM oh = -GmM i Oh =

z
- = — =
0z /x2+y2+z2 + 0z /x2—|—y2—|—22 0z

Hence we conclude that

0.

GmM
flz,y,2) = = +C

Va?+y? 4+ 22

for some constant C.

(b) At Py = (x1,y1,21), 81 = V23 + 93 + 22 and at Py = (22,92, 22), S2 = /23 + y3 + 23.
Using the potential function found in part (a) above, we find that the work
done in the gravitational field is given by

/p2 Fds = f(s5) — f(s1) = GmM (l B l)

Py

as required.



